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Abstract. Concentration and equi-distribution, near the unit circle, in Solomyak’s
set, of the union of the Galois conjugates and the beta-conjugates of a Parry number
β are characterized by means of the Erdo˝s-Tura´n approach, and its improvements by
Mignotte and Amoroso, applied to the analytical function fβ(z) = −1 +
P
i≥1
tiz
i
associated with the Re´nyi β-expansion dβ(1) = 0.t1t2 . . . of unity. Mignotte’s dis-
crepancy function requires the knowledge of the factorization of the Parry polyno-
mial of β. This one is investigated using theorems of Cassels, Dobrowolski, Pinner
and Vaaler, Smyth, Schinzel in terms of cyclotomic, reciprocal non-cyclotomic and
non-reciprocal factors. An upper bound of Mignotte’s discrepancy function which
arises from the beta-conjugates of β which are roots of cyclotomic factors is linked
to the Riemann hypothesis, following Amoroso. An equidistribution limit theorem,
following Bilu’s theorem, is formulated for the concentration phenomenon of conju-
gates of Parry numbers near the unit circle. Parry numbers are Perron numbers.
Open problems on non-Parry Perron numbers are mentioned in the context of the
existence of non-unique factorizations of elements of number fields into irreducible
Perron numbers (Lind).
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1 Introduction
A Perron number is either 1 or a real number β > 1 which is an algebraic
integer such that all its Galois conjugates β(i) satisfy: |β(i)| < β for all i =
1, 2, . . . , d − 1, if β is of degree d ≥ 1 (with β(0) = β). Let P be the set of
Perron numbers. This set P is partitioned into two disjoint components whose
frontier is badly known [V2]. This partitioning arises from the properties of the
numeration in base β, i.e. of the β-shifts and the dynamical systems ([0, 1], Tβ)
[Bl] [Fr1], where β runs over (1,+∞), and where Tβ(x) = {βx} is the beta-
transformation (⌊x⌋, {x} and ⌈x⌉ denote the integer part, resp. the fractional
part, resp. the smallest integer greater than or equal to a real number x). Let
us recall this dichotomy and fix some notations.
Let β > 1 be a real number and assume throughout the paper that β is
non-integer. The Re´nyi β-expansion of 1 is by definition denoted by
dβ(1) = 0.t1t2t3 . . . and corresponds to 1 =
+∞∑
i=1
tiβ
−i , (1.1)
where t1 = ⌊β⌋, t2 = ⌊β{β}⌋ = ⌊βTβ(1)⌋, t3 = ⌊β{β{β}}⌋ = ⌊βT 2β (1)⌋, . . . The
digits ti belong to the finite alphabet Aβ := {0, 1, 2, . . . , ⌈β − 1⌉}. β is said
to be a Parry number if dβ(1) is finite or ultimately periodic (i.e. eventually
periodic); in particular, a Parry number β is said to be simple if dβ(1) is finite.
A proof that Parry numbers are Perron numbers is given by Theorem 7.2.13
and Proposition 7.2.21 in Lothaire [Lo]. On the contrary a good proportion
of Perron numbers are not Parry numbers, so that the dichotomy of P can be
Conjugates of a Perron number and Erdo˝s-Tura´n approach 3
stated as
P = PP ∪ Pa, (1.2)
where PP denotes the set of Parry numbers and Pa the set of Perron numbers
which are not Parry numbers (a stands for aperiodic). The set PP is dense in
(1,+∞) [Pa], contains all Pisot numbers [B] [Bo2] [St] and Salem numbers of
degree 4 [Bo1], at least [Bo3] [V2].
Following [V2] the present note continues the exploration of this dichotomy
by the Erdo˝s-Tura´n approach applied to the collection B := (fβ(z))β∈P of
analytic functions
fβ(z) :=
+∞∑
i=0
tiz
i for β ∈ P, z ∈ C, (1.3)
with t0 = −1, canonically associated with the Re´nyi expansions dβ(1) =
0.t1t2t3 . . ., for which fβ(z) is a rational fraction if and only if β ∈ PP (Section
2); when β ∈ PP the opposite of the reciprocal polynomial of the numerator of
fβ(z), namely n
∗
β(X), is the Parry polynomial of β, a multiple of the minimal
polynomial of β.
Section 3 explores the factorization of n∗β(X), the geometry and the equi-
distribution of its roots near the unit circle when β is a Parry number. These
roots are either Galois conjugates or beta-conjugates of β and comparison
is made between these two collections of roots. The important points in this
exploration are: (i) the discrepancy function as obtained by Mignotte [G] [Mt1]
[Mt2] in a theorem which generalizes Erdo˝s-Tura´n’s Theorem, its splitting
and its properties following Amoroso [A2] [AM], how the beta-conjugates of β
which are roots of unity, as roots of the irreducible cyclotomic factors of n∗β(X),
are linked to the Riemann hypothesis (R.H.), (ii) the number of positive real
(Galois- or beta-) conjugates of β when the degree of β is large, by comparison
with Kac’s formula [K] [EK], (iii) upper bounds for the multiplicities of beta-
conjugates, (iv) an equidistribution limit theorem in the same formulation
as Bilu’s Theorem [Bi] for convergent sequences of Parry numbers (or Parry
polynomials) with Haar measure on the unit circle as limit measure.
Mignotte’s discrepancy function allows a much better strategy than Erdo˝s-
Tura´n’s discrepancy function in the Erdo˝s-Tura´n approach of the Parry poly-
nomial n∗β(X) since it is a subaddtive function on its factorizaton and enables
to investigate the roles played by its factors, namely cyclotomic, reciprocal
non-cyclotomic and non-reciprocal, term by term.
The factorization of the Parry polynomial n∗β(X) is itself a formidable chal-
lenge because of the difficulty of determining the types of its factors, their
multiplicities and the way it is correlated to the Rauzy fractal (central tile)
(Barat, Berthe´, Liardet and Thuswaldner [B-T]). The problem of Lehmer of
finding the smallest Mahler measure is essentially equivalent to the problem of
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estimating the number of irreducible non-cyclotomic factors of n∗β(X) (Pinner
and Vaaler [PV3]).
Section 4 provides various examples on which Erdo˝s-Tura´n’s and Mignotte’s
discrepancy functions are computed. In Section 5 the case of Perron numbers
which are not Parry numbers is evoked in the general context of the arithmetics
of Perron numbers where non-unique factorizations on irreducible Perron num-
bers may occur.
Notations: N(β) =
∏d−1
i=0 β
(i) is the algebraic norm of the algebraic number
β(= β(0)), of degree d ≥ 1; Pβ(X) is the minimal polynomial of the algebraic
number β > 1, with positive leading coefficient; R∗(X) = XmR(1/X) is the
reciprocal polynomial of the polynomial R(X) (of degree m) and R(X) is said
reciprocal if R(X) = R∗(X); ||Q||2 =
(∑m
j=0 |αj |2
)1/2
, resp. ||Q||1 = L(Q) =∑m
j=0 |αj |, H(Q) = max0≤j≤m |αj |, the 2-norm, resp. the 1-norm (or length),
resp. the height, of the polynomial Q(X) =
∑m
j=0 αjX
j, αj ∈ C; M(R) =
|aR|
∏m
j=0max{1, |bj|} denotes the Mahler measure of the polynomial R(X) =
aR
∏m
j=0(X − bj) ∈ C[X ] where aR is the leading coefficient. D(z0, r) denotes
the open disk centred at z0 ∈ C of radius r > 0, D(z0, r) its closure. Log+ x
(x > 0) denotes max{Logx, 0}. The constants implied by the Vinogradov
symbol ‘≪’ are absolute and computable; when written ‘≪ǫ’ for ǫ > 0, they
depend upon ǫ.
2 Szego˝’s Theorem and numeration
Every analytical function fβ(z) with β > 1 (β 6∈ N) obeys the dichotomy given
by the following theorem ([Sg], [Di] p 324–7) since its coefficients belong to
Aβ , which is finite.
Theorem 2.1 (Szego˝). A Taylor series
∑
n≥0 anz
n with coefficients in a finite
subset S of C is either equal to
(i) a rational fraction U(z)+ zm+1
V (z)
1− zp+1 where U(z) = −1+
∑m
i=1 biz
i ,
V (z) =
∑p
i=0 eiz
i are polynomials with coefficients in S and m ≥ 1, p ≥ 0
integers, or
(ii) it is an analytic function defined on the open unit disk which is not
continued beyond the unit circle (which is its natural boundary).
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Let us recall the Conditions of Parry [Bl] [Fr1] [Lo] [Pa]. Let β > 1 and
(ci)i≥1 be the sequence of digits in Aβ defined by
c1c2c3 . . . :=
{
t1t2t3 . . . if dβ(1) = 0.t1t2 . . . is infinite,
(t1t2 . . . tq−1(tq − 1))ω if dβ(1) is finite, = 0.t1t2 . . . tq,
where ( )ω means that the word within ( ) is indefinitely repeated. We say
that dβ(1) is finite if it ends in infinitely many zeros. A sequence (yi)i≥0 of
elements of Aβ (finite or not) is said admissible if and only if
(yj , yj+1, yj+2, . . .) <lex (c1c2, c3, . . .) for all j ≥ 0,
where <lex means lexicographically smaller. A polynomial
∑n
j=0 yjX
j, resp. a
formal series
∑n
j=0 yjX
j, is said to be admissible if and only if its coeffciients
vector (yi) is admissible. Since fβ(X) + 1 is admissible by construction, the
proof of Theorem 2.1 (i) by Dienes ([Di] pp 324–327) readily shows that both
polynomials U(X) + 1 and V (X) are admissible (we except the coefficient
t0 = −1 which does not belong to the alphabet Aβ) when β is a Parry number.
In both cases, every analytical function fβ(z) admits 1/β as simple root
since f ′β(1/β) =
∑
i≥1 itiβ
−i+1 > 0.
The integersm ≥ 1 and p+1 ≥ 1 in Theorem 2.1 are respectively the prepe-
riod length and the period length in dβ(1) when β is a non-simple Parry num-
ber, and we take the natural convention p+1 = 0 when β is a simple Parry num-
ber (which corresponds to V (X) ≡ 0). The casem = 0 corresponds to a purely
periodic Re´nyi expansion of unity in base β. Recall the β-transformation Tβ :
T 1β = Tβ : [0, 1] → [0, 1], x → {βx}, T j+1β (x) = Tβ(T jβ(x)), j ≥ 0, and
T 0β = Id. The sequence (ti)i≥1 is related to (T
j
β(1))j≥0 [Fr1] [Lo] by:
T 0β (1) = 1, T
j
β(1) = β
j − t1βj−1 − t2βj−2 − . . .− tj for j ≥ 1.
3 Parry polynomials, Galois- and beta-conjugates in
Solomyak’s set Ω for a Parry number β
3.1 Erdo˝s-Tura´n’s approach and Mignotte’s discrepancy
splitting
Assume that β > 1 is a Parry number (of degree d ≥ 2). Using the notations
of Theorem 2.1, the rational fraction fβ(z) has
U(z), resp. U(z)(1− zp+1) + zm+1V (z),
as numerator, when β is a simple, resp. a non-simple, Parry number whose co-
efficients are in Z and are of moduli in Aβ . Since fβ(1/β) = 0, this numerator,
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say −nβ(z), can be factored as
− nβ(z) = P ∗β (z)×
s∏
j=1
(
Φnj (z)
)cj × q∏
j=1
(
κ∗j (z)
)γj × u∏
j=1
(gj(z))
δj (3.1)
where the polynomials Φnj (X) ∈ Z[X ] are irreducible and cyclotomic, with
n1 < n2 < . . . < ns, κj(X) ∈ Z[X ] are irreducible and non-reciprocal, gj(X) ∈
Z[X ] are irreducible, reciprocal and non-cyclotomic, and s, q, u ≥ 0, cj , γj , δj ≥
1, are integers. The Parry polynomial of β [Bo2] [Pa], with leading coefficient
1, is by definition
n∗β(X) := Pβ(X)

− s∏
j=1
(
Φnj (z)
)cj q∏
j=1
(κj(z))
γj
u∏
j=1
(gj(z))
δj

 (3.2)
Its degree, denoted by dP , ism+p+1 with the notations of Theorem 2.1. In the
case of non-simple Parry numbers, we have: n∗β(β) = 0 = T
m+p+1
β (1)−Tmβ (1)
if m ≥ 1 and n∗β(β) = 0 = T p+1β (1) − T 0β (1) = T p+1β (1) − 1 if m = 0 (pure
periodicity) where p + 1 is the period length. Hence, for non-simple Parry
numbers:
n∗β(X) = X
m+p+1−t1Xm+p−t2Xm+p−1− . . .−tm+pX−tm+p+1
−Xm + t1Xm−1 + t2Xm−2 + . . .+ tm−1X + tm (3.3)
in the first case and
n∗β(X) = X
p+1 − t1Xp − t2Xp−1 − . . .− tpX − (1 + tp+1) (3.4)
in the case of pure periodicity. For simple Parry numbers, the Parry polyno-
mial is
Xm − t1Xm−1 − t2Xm−2 − . . .− tm−1X − tm (3.5)
with m ≥ 1. Since t1 = ⌊β⌋, the Parry polynomial is a polynomial of small
height which has the basic property:
⌊β⌋ ≤ H(n∗β) ≤ ⌈β⌉ (3.6)
with all coefficients having a modulus ≤ ⌊β⌋ except possibly only one for which
the modulus would be equal to ⌈β⌉: the coefficient of the monomial of degree
m in (3.3) and the constant term in (3.4). If β is a simple Parry number, then
the equality
H(n∗β) = ⌊β⌋ (3.7)
holds by (3.5). The polynomial
n∗β(X)
Pβ(X)
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is called the complementary factor [Bo2]. It is a monic polynomial and some
algebraic properties of n∗β(X) are known (Handelman [H]). A beta-conjugate
of β is by definition the inverse ξ of a zero of fβ(z), or in other words a zero
of the Parry polynomial, which is not a Galois conjugate of β (i.e. ξ 6= β(i)
for i = 1, 2, . . . , d− 1). Saying that the Parry polynomial of β is irreducible is
equivalent to saying that β has no beta-conjugate.
Let B := {f(z) = 1 +∑∞j=1 ajzj | 0 ≤ aj ≤ 1} be the convex set of
functions analytic in the open unit disk D(0, 1). Let
G := {ξ ∈ D(0, 1) | f(ξ) = 0 for some f ∈ B}
and G−1 := {ξ−1 | ξ ∈ G}. The external boundary ∂G−1 of G−1 is a curve
which has a cusp at z = 1, a spike on the negative real axis, which is the
segment
[− 1+√52 ,−1], and is fractal at an infinite number of points (Figure 1;
see Fig. 2 and §4 in [So]). It defines two components in the complex plane, and
inverses of zeros of all f ∈ B are all necessarily within the bounded component
Ω := G−1 ∪D(0, 1).
Theorem 3.1 (Solomyak). The Galois conjugates (6= β) and the beta-conjugates
of all Parry numbers β belong to Ω, occupy it densely, and
PP ∩ Ω = ∅.
Proof. By the following identity
fβ(z) = − 1 +
∞∑
i=1
tiz
i = (−1 + βz)(1 + ∞∑
j=1
T jβ(1)z
j
)
, |z| < 1, (3.8)
the zeros 6= β−1 of fβ(z) are those of 1+
∑∞
j=1 T
j
β(1)z
j; but 1+
∑∞
j=1 T
j
β(1)z
j
is a Taylor series which belongs to B. We deduce the claim.
Let us show that a phenomenon of high concentration and equi-distribution
of Galois conjugates (6= β) and beta-conjugates of a Parry number β occur by
clustering near the unit circle in Ω: from a “radial” viewpoint, using the 2-
norm ‖·‖2 and the 1-norm ‖·‖1 of the Parry polynomial n∗β(X) (Theorem 3.2),
and from an “angular” viewpoint by Mignotte’s Theorem 3.4 [Mt2]. Though
densely distributed in Ω the conjugates of Parry numbers reach a very high
concentration close to the unit circle with maximality on the unit circle itself.
Section 3.6 formulates limit theorems for this concentration phenomenon.
Theorem 3.2. Let β > 1 be a Parry number. Let ǫ > 0 and µǫ the proportion
of roots of the Parry polynomial n∗β(X) of β, with dP = deg(n
∗
β(X)) ≥ 1,
which lie in Ω outside the annulus
(
D(0, (1− ǫ)−1) \D(0, (1− ǫ))
)
. Then
(i) µǫ ≤ 2
ǫ dP
(
Log‖n∗β‖2 −
1
2
Logβ
)
, (3.9)
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Figure 1. Solomyak’s set Ω.
(ii) µǫ ≤ 2
ǫ dP
(
Log‖n∗β‖1 −
1
2
Log
∣∣n∗β(0)∣∣
)
. (3.10)
Proof. (i) Let µ1dP the number of roots of n
∗
β(X) outside D(0, (1− ǫ)−1) in
Ω, except β (since β 6∈ Ω). By Landau’s inequality [La]
M(f) ≤ ‖f‖2 for f(x) ∈ C[X ]
applied to n∗β(X) we deduce
β(1− ǫ)−µ1dP ≤ M(n∗β) ≤ ‖n∗β‖2.
Hence, since −Log(1 − ǫ) ≥ ǫ,
µ1 ≤ 1
ǫ
(
Log‖n∗β‖2
dP
− Logβ
dP
)
.
Let µ2dP the number of roots of n
∗
β(X) in D(0, 1− ǫ). Then
(1− ǫ)−µ2dP ≤M(nβ) ≤ ‖nβ‖2 = ‖n∗β‖2
by Landau’s inequality applied to nβ(X). We deduce
µ2 ≤ 1
ǫ
Log‖n∗β‖2
dP
.
Since µǫ = µ1 + µ2, we deduce the inequality (3.9).
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(ii) Applying Jensen’s formula we deduce
1
2π
∫ 2π
0
Log
∣∣n∗β(eiφ)∣∣dφ− Log∣∣n∗β(0)∣∣ = ∑
|bi|<1
Log
1
|bi| (3.11)
where (bi) is the collection of zeros of n
∗
β(z). We have∑
|bi|<1
Log
1
|bi| ≥
∑
|bi|<1−ǫ
Log
1
|bi| ≥ ǫ µ2dP .
From (3.11), since maxφ∈[0,2π]
∣∣n∗β(eiφ)∣∣ ≤ ‖n∗β‖1 , we deduce
µ2 ≤ 1
ǫ dP
(
Log‖n∗β‖1 − Log
∣∣n∗β(0)∣∣) .
Now the roots of nβ(z) inside D(0, 1 − ǫ) are the roots of n∗β(z) outside the
closed disk D(0, (1− ǫ)−1), including possibly β, so that their number is µ1dP
or µ1dP + 1. Since n
∗
β(X) is monic, |nβ(0)| = 1. We apply Jensen’s formula
to nβ(z) to deduce in a similar way
µ1 ≤ 1
ǫ dP
Log‖nβ‖1
Since ‖nβ‖1 = ‖n∗β‖1 and that µǫ = µ1 + µ2, we deduce (3.10).
Remark 3.3. The terminology “clustering near the unit circle” comes from
the following fact: if (βi) is a sequence of Parry numbers, of Parry polynomials
of respective degree dP,i which satisfies
lim
i→+∞
dP,i = +∞ and lim
i→+∞
Log βi
dP,i
= 0, (3.12)
then, since ‖n∗βi‖2 ≤ (dP,i+1)1/2 ⌈βi⌉, the proportion µǫ,i relative to βi satisfies
µǫ,i ≤ 1
ǫ
(
Log(dP,i + 1)
dP,i
+
Log⌈βi⌉
dP,i
)
by (3.9), what shows, for any real number ǫ > 0, that
µǫ,i → 0, i→ +∞. (3.13)
The sufficient conditions (3.12) for having convergence of (µǫ,i)i to zero already
cover a large range of examples [Bo3] [V2]. Let us notice that the conditions
(3.12) do not imply that
• the corresponding sequence (di)i of the degrees of the minimal poly-
nomials Pβi(X) tends to infinity; on the contrary, this sequence may
remain bounded, even stationary (cf. the family of Bassino’s cubic Pisot
numbers in [V2]),
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• the family of Parry numbers (βi)i tends to infinity; it may remain bounded
or not (cf. Boyd’s family of Pisot numbers less than 2 in [V2]).
Define the radial operator (r) : Z[X ]→ R[X ],
R(X) = an
n∏
j=0
(X − bj) → R(r)(X) =
n∏
j=0
(
X − bj|bj|
)
.
All the polynomials in the image of this operator have their roots on the unit
circle. This operator leaves invariant cyclotomic polynomials. It has the prop-
erty: P (r) = (P ∗)(r) for all polynomials P (X) ∈ Z[X ] and is multiplicative:
(P1P2)
(r) = P
(r)
1 P
(r)
2 for P1(X), P2(X) ∈ Z[X ].
The (angular) discrepancy relative to the distribution of the (Galois- and
beta-) conjugates of β near the unit circle in Ω is given by Erdo˝s-Tura´n’s
Theorem [ET] improved by Ganelius [G], Mignotte [Mt2] and Amoroso [A2]
[AM], as follows.
Theorem 3.4 (Mignotte). Let
R(X) = anX
n + an−1Xn−1 + . . .+ a1X + a0 = an
n∏
j=1
(X − ρjeiφj ),
an 6= 0, ρ1, ρ2, . . . , ρn > 0,
be a polynomial with complex coefficients, where φj ∈ [0, 2π) for j =
1, . . . , n. For 0 ≤ α ≤ η ≤ 2π, put N(α, η) = Card{j | φj ∈ [α, η]}. Let
k =
∑∞
0
(−1)m−1
(2m+1)2 = 0.916 . . . be Catalan’s constant. Then∣∣∣∣ 1nN(α, η)− η − α2π
∣∣∣∣2 ≤ 2πk × h˜(R)n (3.14)
where
h˜(R) =
1
2π
∫ 2π
0
Log+|R(r)(eiθ)|dθ. (3.15)
Denote dis(R) = h˜(R)n . Let us call Mignotte’s discrepancy function the rhs
of (3.14) so that
C · dis(R) = 2π
k
× h˜(R)
n
with C = 2πk = (2.619...)
2 = 6.859.... The constant C, the same as in [G],
is much smaller than 162 = 256, computed in [ET]. Mignotte shows that C
cannot be less than (1.759...)2 = 3.094... and that dis(R) gives much smaller
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numerical estimates (cf. example in Section 4) than the expression
1
n
Log
L(R)√|a0 an|
proposed by Erdo˝s-Tura´n instead. In the following we investigate Mignotte’s
discrepancy function (as in [A2]) but applied to the new class of polynomials
{R(r)(X) | R(X) ∈ PP}
obtained by the radial operation (r) from the set of Parry polynomials
PP := {n∗β(X) | β ∈ PP }.
The angular control of the geometry of the beta-conjugates of a Parry
number β with respect to the geometry of its Galois-conjugates, by rotating
sectors of suitable opening angles in the unit disk [V2], is best for smallest
possible estimates of the discrepancy function.
Mignotte’s discrepancy function on C[X ] \ {0} never takes the value zero
for the simple reason that, in (3.14), the function (α, η) → (η − α)/2π is
continuous and that (α, η)→ N(α, η)/n takes discrete values, so that
dis
(
n
∗ (r)
β
)
> 0 (3.16)
for all β ∈ PP . In Section 3.5 we give a lower estimate of dis
(
n
∗ (r)
β
)
.
Schinzel [Sz] has asked a certain number of questions, and reported some
conjectures and theorems, on the number of cyclotomic factors, resp. non-
cyclotomic non-reciprocal, resp. non-cyclotomic reciprocal factors in the fac-
torization into irreducible factors of a general polynomial with integer coeffi-
cients. For giving an upper estimate of dis
(
n
∗ (r)
β
)
we will reformulate these
questions in the particular context of Parry polynomials and state some theo-
rems (Section 3.2). Then, as a consequence, we will separate out the contribu-
tions relative to the irreducible factors, since Mignotte’s discrepancy function
allows to do it, by the properties of Log+x and the multiplicativity of the radial
operator (r): from (3.1) and (3.15), with R(X) = nβ(X) or R(X) = n
∗
β(X),
the splitting is as follows
h˜(n∗β) = h˜(nβ) ≤ h˜(Pβ) + h˜(
s∏
j=0
Φcjnj ) + h˜(
q∏
j=0
κ
γj
j ) + h˜(
u∏
j=0
g
δj
j ). (3.17)
Section 3.3 is relative to the contributions of cyclotomic factors and Section
3.4 to those of non-cyclotomic factors. In Section 4 the numerical optimality
of this splitting process is studied on examples.
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3.2 Factorization and irreducible factors
Let β > 1 be a Perron number given by its minimal polynomial Pβ(X), for
which we know that it is a Parry number. The factorization of its Parry
polynomial n∗β(X) amounts to the knowledge of:
(i) its degree dP , as a function of β, its Galois conjugates and d the degree
of the minimal polynomial Pβ(X),
(ii) its distinct irreducible factors and their multiplicities.
The determination of degree dP = m+ p+1 of n
∗
β(X) (with the notations
of Theorem 2.1), which expresses the dynamics of the β-transformation, brings
to light the need of the geometrical representation of the β-shift, the Rauzy
fractal [PF] [B-T], above the set Zβ of β-integers, for providing upper estimates
of it, as shown below for Pisot numbers. For a generic Parry number β, an
explicit formula for dP as a function of β, its Galois conjugates β
(i) and the
degree d of the minimal polynomial Pβ(X) is probably difficult to obtain in
general, if it exists.
Assume that β > 1 is a Pisot number, of degree d ≥ 2. We refer to
[GV] p. 142 and Lemma 4.6 for details. Let {Z0, Z1, . . . , Zd−1} be the
canonical basis of Rd and x · y = ∑d−1j=0 xjyj the standard scalar product
in this basis. Let B = t(1 β β2 . . . βd−1) and uB = ‖B‖−1B, where t
means transposition. Let tQ be the companion matrix of β, πB is the or-
thogonal projection mapping onto RuB. F denotes generically a
tQ-invariant
subspace of Rd, of dimension 1 if the eigenvalue of tQ on F (i.e. one of
the Galois conjugates β(i)) is real, resp. of dimension 2 if it is complex,
except the expanding line Ru ([GV] Theorem 3.1 and Theorem 3.5). The
projection mapping onto F , Rd → F , along its tQ-invariant complemen-
tary space is denoted by πF . Let p2 = ⊕FπF be the sum of the projection
mappings. Let C′ :=
{∑d−1
j=0 αjZj | αj ∈ [−1,+1] for all j = 0, 1, . . . , d− 1
}
,
δ′F := maxx∈C′ ‖πF (x)‖, λF := the absolute value of the Galois conjugate of β
associated with F , and c′F := ⌊β⌋ δ
′
F
1−λdF
. The canonical cut-and-project scheme
associated with the set Zβ of the beta-integers is
RuB
πB←− (RuB ×D ≃ Rd,Zd) p2−→ D = ⊕F.
Let Ω′ be the (d − 1)-dimensional window ⊕FΩ′F in D, direct sum of the
windows Ω′F on F defined by
Ω′F =
{
closed interval centred at 0 in F of length 2c′F if dim F = 1,
closed disk centred at 0 in F of radius c′F if dim F = 2.
This window Ω′ is sized at its best on each 1-dim or 2-dim subspace F to
contain the 1-dimensional, resp. the 2-dimensional, sections of the central tile
of the Rauzy fractal.
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Theorem 3.5. Let β > 1 be a Pisot number of degree d ≥ 2. Then
dP ≤ #
{
x ∈ Zd | p2(x) ∈
H(n∗β)
⌊β⌋ Ω
′, πB(x) · uB ∈
[
0,
1
‖B‖
)}
. (3.18)
Proof. The polynomials T jβ(1), for j = 1, 2, . . . , dP , are all polynomials in β
with coefficients having their modulus in {0, 1, . . . ,H(n∗β)}, of degree j, which
are equal to their fractional part. The collection (T jβ(1))j=1,...,dP−1 is a family
of linearly independent polynomials. Theorem 3.5 is then a consequence of
Lemma 4.6 in [GV].
Remark 3.6. A much better upper bound of dP would be given by the rhs of
(3.18) in which the “box” Ω′ is replaced by the true central tile of the Rauzy
fractal [PF]. Indeed, this central tile may be disconnected, may contain lots
of holes, and its topology is a prominent ingredient for counting points of the
lattice Zd which are projected by p2 to this central tile.
Let us now turn to the factorization of n∗β(X) for β a Parry number.
Theorem 3.7. Let β be a Parry number. If ξ is a beta-conjugate of β which
is not a unit, then its multiplicity νξ as root of the Parry polynomial n
∗
β(X)
satisfies:
νξ ≤ 1
log 2
(
log
(
H(n∗β)
)− log |N(β)|). (3.19)
Moreover, if
|N(β)| ≥ H(n
∗
β)
3
, (3.20)
then all beta-conjugates of β which are not units (if any) are simple roots of
n∗β(X).
Proof. From (3.1), since Pβ(X) divides n
∗
β(X) and that H(n
∗
β) ∈ {⌊β⌋, ⌈β⌉}
(cf. (3.6), (3.7)), we have
∣∣ q∏
j=1
(
κ∗j (0)
)γj ∣∣× ∣∣ u∏
j=1
(gj(0))
δj
∣∣ ≤ H(n∗β)|N(β)| .
As a consequence, if ξ is a beta-conjugate which is not a unit, then, since the
irreducible factors of n∗β(X) are all monic, the inequality |N(ξ)| ≥ 2 implies
2νξ ≤ H(n
∗
β)
|N(β)| .
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Hence the claim. Now, if |N(β)| ≥ H(n
∗
β)
3 then∣∣ q∏
j=1
(
κ∗j (0)
)γj ∣∣× ∣∣ u∏
j=1
(gj(0))
δj
∣∣ ≤ 3,
which necessarily implies that νξ = 1 for each beta-conjugate ξ of β which is
not a unit.
Corollary 3.8. The beta-conjugates of a Parry number β ∈ (1, 3) which are
not units are always simple roots of the Parry polynomial of β.
Proof. Indeed, H(n∗β) ∈ {⌊β⌋, ⌈β⌉} and ⌈β⌉ ≤ 3. Thus H(n∗β)/3 ≤ 1. But
|N(β)| ≥ 1 so that (3.20) is satisfied.
Let β be a Parry number, for which the Parry polynomial n∗β(X) is factored
as in (3.2). We have
1 + s+ q + u = number of its distinct irreducible factors∑s
j=1 cj = number of its cyclotomic (irreducible)
factors counted with multiplicities
1 +
∑s
j=1 cj +
∑q
j=1 γj +
∑u
j=1 δj = number of its irreducible factors
counted with multiplicities
1 +
∑q
j=1 γj +
∑u
j=1 δj = number of its non-cyclotomic irreducible
factors counted with multiplicities
1 + q + u = number of its non-cyclotomic irreducible
factors counted without multiplicities
γ +
∑q
j=1 γj = number of its non-reciprocal irreducible
factors counted with multiplicites, with
γ = 1 if Pβ(X) is non-reciprocal, and
γ = 0 if Pβ(X) is reciprocal
The remarkable result of Smyth [Sy] implies easily
Theorem 3.9. For every Parry number β, the inequality
γ +
q∑
j=1
γj <
log ‖n∗β‖2
log θ0
(3.21)
holds where θ0 = 1.3247... is the smallest Pisot number, dominant root of
X3 − X − 1, where γ = 1 if Pβ(X) is non-reciprocal and γ = 0 if Pβ(X) is
reciprocal.
Let us remark that the upper bound in (3.21) for the number of non-
reciprocal irreducible factors of the Parry polynomial of β depends upon its
2-norm, not of the degree dP , meaning that it is strongly dependent upon the
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gappiness (lacunarity) of the Re´nyi β-expansion dβ(1) of unity [V1], a strong
gappiness leading to a small number of non-reciprocal factors in n∗β(X).
Corollary 3.10. If β is a Parry number for which the minimal polynomial is
non-reciprocal and dβ(1) = 0.t1t2t3 . . ., of preperiod length m ≥ 0 and period
length p+ 1, satisfies (with t0 = −1)
if β is simple
m∑
j=0
t2j
if β is non-simple
p∑
j=0
t2j + (1 + tp+1)
2 +
m∑
j=1
(tj − tp+j+1)2


≤ θ40 = 3.0794...
(3.22)
then the Parry polynomial of β has no non-reciprocal irreducible factor in it.
Proof. Indeed, in this case, γ = 1; (3.22) is equivalent to
log ‖n∗β‖2
log θ0
≤ 2 ⇔ ‖n∗β‖22 ≤ θ40
since ‖n∗β‖22 is given by (3.3), (3.4) and (3.5). Therefore, from (3.21), we deduce∑q
j=1 γj = 0 what implies the claim.
Let us make explicit (3.22) in the “simple” case. We obtain Parry numbers
β for which dβ(1) has necessarily the form
dβ(1) = 0.1 00 . . .0︸ ︷︷ ︸
δ
1
for some integer δ ≥ 0, i.e. β = βδ is the dominant root of the polynomial
Xδ+2−Xδ+1 − 1. The algebraic integers (βδ)δ≥3 are Perron numbers studied
by Selmer [V2]. The case δ = 0 corresponds to the golden mean τ = (1+
√
5)/2
since dτ (1) = 0.11.
The special sequence (Φnj )j=1,...,s of cyclotomic polynomials in the factor-
ization of n∗β(X) is such that
∑s
j=1 cjϕ(nj) ≤ dP −d, with s ≤ ns, where ϕ(n)
is the Euler function, and its determination is complemented by the remarkable
Theorem 3 of Schinzel [Sz] which readily leads to
Theorem 3.11. There exists an absolute constant C0 > 0 such that, for every
Parry number β, the number s of distinct cyclotomic irreducible factors of the
Parry polynomial of β satisfies
s ≤ C0
√
dP . (3.23)
Concerning the non-cyclotomic factors of n∗β(X), the remarkable Theorem
2 of Dobrowolski [Do] implies
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Theorem 3.12. There exists an absolute constant C1 > 0 such that for every
Parry number β and ǫ > 0 an arbitrary positive real number, then
1 +
q∑
j=1
γj +
u∑
j=1
δj ≤ C1
(
(
dP
log ‖n∗β‖22
)ǫ × log ‖n∗β‖2
)
. (3.24)
Both constants C0, C1 in (3.23) and in (3.24) are specific to the whole
collection of Parry polynomials PP ; they are almost surely different from the
constants relative to general polynomials with integral coefficients as in [Sz]
and [Do] and are expected to be computable when PP will be characterized.
3.3 Cyclotomic factors
This section is relative to the beta-conjugates χ of β for which the minimal
polynomial of χ is cyclotomic. The Mo¨bius function µ is given by, for n ≥ 1,
µ(n) =
{
0 if n is divisible by a square,
(−1)k if n is the product of k prime numbers.
For n ≥ 1,
Xn − 1 =
n∏
j=1
Φj(X).
By the Mo¨bius inversion formula, the n-th cyclotomic polynomial is
Φn(X) :=
n∏
j=1
(Xd − 1)µ(n/j).
Amoroso in [A1] proves the remarkable result that the assertion that the
Riemann zeta function does not vanish for Rez ≥ σ + ǫ is equivalent to the
inequality h˜
(∏N
n=1Φn
)
≪ Nσ+ǫ, where σ is the supremum of the real parts
of the non-trivial zeros of the Riemann zeta function, and where σ = 1/2 if the
Riemann hypothesis (R.H.) is true. Here we reconsider the same arguments to
adapt them to the particular products of cyclotomic polynomials which appear
in the factorization of the Parry polynomial n∗β(X) as in (3.2).
Theorem 3.13. Let s ≥ 1. Let c˜ = (cj)j=1,...,s be a collection of positive
integers and n1 ≤ n2 ≤ . . . ≤ ns be an increasing sequence of positive integers.
Let n˜ = (nj)j=1,...,s. Assume that the Riemann hypothesis is true. Then there
exists a linear form Ln˜(c˜) with rational coefficients such that
h˜
( s∏
j=1
Φnj (X)
cj
)
≪ǫ
∣∣∣Ln˜(c˜)∣∣∣n 12+ǫs . (3.25)
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Proof. Let N = ns. Let
G(X) =
N∏
n=1
Φn(x)
σn
with
σn =
{
0 if n 6∈ {n1, n2, . . . , ns}
cj if n = nj for j ∈ {1, 2, . . . , s}
for n ≥ 0. The remarkable Theorem 4.2 of Amoroso in [A2] implies
h˜(G) ≤
√√√√√ π
12
N∑
m=1

∑
j|m
µ(j)
j2



 ∑
n≤N/m
σmn
∑
k|n
µ(k)k
n

2 (3.26)
Since 0 ≤∑j|m µ(j)j2 ≤ 1 and that
∑
n≤N/m
σmn
∑
k|n
µ(k)k
n
can be written
N/m∑
k=1
Lk,m(c˜)µ(k)
where (Lk,m(c˜)) are a family of linear forms with rational coefficients, we
deduce
N∑
m=1

∑
j|m
µ(j)
j2



 ∑
n≤N/m
σmn
∑
k|n
µ(k)k
n

2 ≤ N∑
m=1
|Lm(c˜)|2

N/m∑
k=1
µ(k)

2
for some linear forms Lm(c˜) deduced from the family (Lk,m(c˜)) according to
the signs of µ(k). Let us take Ln˜(c˜) such that |Ln˜(c˜)| = supm=1,...,N |Lm(c˜)|.
The Riemann hypothesis is equivalent (Titchmarsh [T] 14.25C) to∑
k≤x
µ(k) ≪ x 12+ǫ for all real x and all ǫ > 0.
Then there exists a constant A > 0 such that, for ǫ > 0,
h˜(G)2 ≤ π
12
A
N∑
m=1
(
N
m
)2 ( 1
2
+ǫ)
×|Ln˜(c˜)|2 ≤ π
12
A |Ln˜(c˜)|2 N1+2ǫ
∞∑
m=1
1
m1+2ǫ
.
We deduce (3.25).
Let us turn to making explicit upper bounds of the multiplicities of the
primitive roots of unity involved in the product
∏s
j=1 Φnj (X)
cj . Let n ≥ 1
and ζn be a primitive nth-root of unity. Let us write the factorization of Φn(X)
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in Q(ζn)[X ] as
Φn(X) =
ϕ(n)∏
m=1
Φn,m(X).
The polynomial Φn,m(X) is X − ξm for some primitive nth-root ξm of unity.
Then
s∏
j=1
Φnj (X)
cj =
∞∏
n=1
ϕ(n)∏
m=1
Φn,m(X)
e(n,m) (3.27)
for some integers e(n,m) ≥ 0. The total number of cyclotomic factors of the
Parry polynomial n∗β(X) is then
s∑
j=1
cjϕ(nj) =
∞∑
n=1
ϕ(n)∑
m=1
e(n,m).
Let
α(Q) := lim
X→∞
1
X
+∞∑
n=1
ϕ(n)≤X
ϕ(n).
We have [PV1]: α(Q) = ζ(2)ζ(3)ζ(6) where ζ(z) is the Riemann zeta function.
At each place v of the number field K we write Kv for the completion of K
at v, K for an algebraic closure of Kv and Ωv for the completion of Kv. The
field Ωv is complete as a metric space and algebraically closed. Two absolute
values | |v and ‖ ‖v are introduced on Ωv. If v|∞ then ‖ ‖v restricted to Q is
the usual Archimedean absolute value. If p is a prime number and v|p then
‖ ‖v restricted to Q is the usual p-adic value. They are related by
| |v := ‖ ‖[Kv :Qv]/[K:Q]v .
Now let F (X) ∈ Q[X ] and introduce the global measure of F as
ν(F ) :=
∏
v
νv(F )
where
νv(F ) := sup{|F (z)|v | z ∈ Ωv and |z|v = 1}.
We can now introduce
R := max
{
dP
Log ν(n∗β)
, 3
}
.
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This quantity plays an important role in the multiplicites of the cyclotomic
factors by Theorem 3.14. Its inverse R−1 is surprisingly deeply correlated
to the convergence condition (3.12) relative to convergent sequences of Parry
numbers by the following inequalities (Pinner and Vaaler [PV1], Lemma 2):
LogH(n∗β) ≤ Log ν(n∗β) ≤ 2LogH(n∗β). (3.28)
Indeed, since H(n∗β) ∈ {⌊β⌋, ⌈β⌉} we have the following estimate of the global
measure of the Parry polynomial of β:
ν(n∗β) ∈ [⌊β⌋, ⌈β⌉2]
and R−1 is roughly equal to Log β/dP when dP is large enough compared to
Log H(n∗β).
The remarkable Theorem 1 of Pinner and Vaaler [PV1] gives a system of
four inequalities for sums containing the multiplicities e(n,m), which readily
leads to
Theorem 3.14. Let β be a Parry number for which the Parry polynomial
n∗β(X) factors into irreducible polynomials in Q[X ] as in (3.2) and (3.27).
Then
(i) for every ǫ > 0 and R ≥ R0(ǫ),
∞∑
n=1
1
ϕ(n)
ϕ(n)∑
m=1
e(n,m) ≤ (1 + ǫ) dP
(
α(Q) LogR
R
)1/2
, (3.29)
(ii) for every ǫ > 0 and R ≥ R1(ǫ),
∞∑
n=1
ϕ(n)∑
m=1
e(n,m) ≤ (1 + ǫ) dP
(
α(Q) LogR
R
)1/2
, (3.30)
(iii) for each positive integer n ≤ R,
∑
m|n
ϕ(m)∑
h=1
e(m,h) ≪ dP
( n
R
)1/2
(3.31)
(iv) for each integer n such that ϕ(n) ≤ R,
ϕ(n)∑
m=1
e(n,m) ≪ dP
(
ϕ(n)
R
)1/2
1 +

 LogLog20n
Log
(
RLogLog20n
ϕ(n)
)

1/2


(3.32)
Let us investigate the role played by the gappiness (lacunarity) of the Re´nyi
β-expansion of unity on the number s of distinct cyclotomic factors in n∗β(X).
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With the notations of (3.27) we have:
s =
∞∑
n=1
ϕ(n)∑
m=1
min{1, e(n,m)}.
Denote by τ(n) the number of positive divisors of n and define π(m) :=
#{prime number p | p ≤ m}. We now refer the reader to (3.3), (3.4) or (3.5)
for the Parry polynomial of β as a sum of monomials. Define Nm(n
∗
β) := the
number of monomials in this sum. The remarkable Theorem 1 and Theorem
2 (i) in Pinner and Vaaler [PV2] yield
Theorem 3.15. Let β be a Parry number for which the Parry polynomial
n∗β(X) factors into irreducible polynomials in Q[X ] as in (3.2) and (3.27). If
n∗β(X) =
Nm(n
∗
β)∑
i=1
aiX
ni , with ai 6= 0,
then the number s of distinct cyclotomic factors of n∗β(X) satisfies
(i) for every ǫ > 0, s ≪ǫ
(
dP
)ǫ
Nm(n
∗
β), (3.33)
(ii) s ≤ inf



Nm(n∗β)∑
i=1
τ(ni − nj)

 2π(Nm(n∗β)) | j ∈ {1, . . . , Nm(n∗β)}

 .
(3.34)
Theorem 3.15 (i) improves Theorem 3.11: it introduces in the upper bound
(3.33) the term Nm(n
∗
β) for which the quantity dP + 1 − Nm(n∗β) is an es-
timate of the gappiness of dβ(1) by (3.3) and (3.4), and, by (3.5), of some
possible identifications between the digits tj . Theorem 3.15 (ii) bears an in-
gredient which does not seem to have been observed for Parry polynomials yet:
the number of monomials in n∗β(X). Indeed, when it is small, the exponent
π(Nm(n
∗
β)) of 2 in the upper bound in (3.34) is small, and this may imply a
small number of distinct cyclotomic factors by (3.34).
3.4 Non-cyclotomic factors
This section deals with the beta-conjugates χ of β for which the minimal poly-
nomial (of χ) is non-cyclotomic. These minimal polynomials are irreducible
factors in the factorization of the Parry polynomial of β: they are either a
gj(X) or a κj(X) in (3.2). In some cases, when a beta-conjugate χ lies, to-
gether with its Galois conjugates, very near the unit circle, then the form of
the minimal polynomial of χ can be specified. The remarkable Theorems 1
and 2 in Cassels [C] imply
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Theorem 3.16. If χ is a beta-conjugate of a Parry number β such that
the minimal polynomial g(X) of χ is non-reciprocal, with n = deg(g), if
χ1, . . . , χn−1 denote the Galois conjugates of χ = χ0 (which are also beta-
conjugates of β), then either
(i) |χj | > 1 + 0.1
n
for at least one j ∈ {0, 1, . . . , n− 1}, or
(ii) g(X) = −g∗(X) if |χj | ≤ 1 + 0.1
n
holds for all j = 0, 1, . . . , n− 1.
In the second case, since g(X) =
∏n−1
j=0 (X − χj) = −
∏n−1
j=0 (1 − χjX) is
monic, all the beta-conjugates χj of β (j = 0, 1, . . . , n− 1) are algebraic units,
i.e. |N(χj)| = 1.
Theorem 3.17. If χ is a beta-conjugate of a Parry number β such that the
minimal polynomial (of degree n) of χ is non-cyclotomic and where χ1, . . . , χn−1
denote the Galois conjugates of χ (= χ0), if
|χj | ≤ 1 + 0.1
n2
for j = 0, 1, . . . , n− 1, (3.35)
then at least one of the beta-conjugates χ0, χ1, . . . , χn−1 of β has absolute
value 1.
Theorem 3.16 and Theorem 3.17 are often applicable because beta-conjugates
of Parry numbers are highly concentrated near the unit circle.
Theorem 3.18. Let β be a Parry number with Parry polynomial n∗β(X) fac-
tored as in (3.2). Then all its non-cyclotomic irreducible factors κj(X) (with
j = 1, . . . , q) and gj(X) (with j = 1, . . . , u) have at least one root of modulus
> 1.
Proof. By Kronecker’s theorem [Kr], if χ is a beta-conjugate of β which lies in
the closed unit disk with all its Galois conjugates, then it would be a root of
unity, i.e. a root of one of the cyclotomic factors Φnj (X) in (3.2), and never a
root of one of the irreducible factors κj(X) or gj(X). Hence if we assume the
existence of non-reciprocal irreducible factors and of reciprocal non-cyclotomic
factors in the factorization of the Parry polynomial of β, then these factors
possess the mentioned property, hence the claim.
Corollary 3.19. Let β be a Parry number with Parry polynomial n∗β(X) fac-
tored as in (3.2). Then
#{beta-conjugate χ of β | |χ| > 1}
(counted with multiplicities) is{ ≥ ∑qj=1 γj +∑uj=1 δj if q + u > 0,
= 0 if q = u = 0.
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The computation of an upper bound of Mignotte’s discrepancy function
on the non-cyclotomic irreducible factors of the Parry polynomial of β will be
reported elsewhere.
3.5 Real positive conjugates of a Parry number
For R(X) ∈ R[X ] let rp(R) := be the number of real positive roots of R(X)
(counted with multiplicities).
Proposition 3.20. Let β be a Parry number. We have: rp(n∗β) ≥ 1, and, if
χ ∈ (0, 1) is a Galois- or a beta-conjugate of β, then either
(i) Pβ(χ) = 0, and if Pβ(X) is reciprocal then χ = β
−1 is the only real
positive Galois conjugate of β, or
(ii) κj(χ) = 0 for some j ∈ {1, 2, . . . , q} where κj(X) is one of the non-
reciprocal irreducible factors in the factorization (3.2) of n∗β(X).
Proof. The reciprocal irreducible factors in (3.2) which are cyclotomic polyno-
mials have no root outside |z| = 1, therefore cannot cancel at χ. Assume now
that an irreducible factor in (3.2) is reciprocal, non-cyclotomic, and cancels at
χ ∈ (0, 1). Let us show that it is impossible. Indeed, it would also have χ−1
as conjugate root of χ, hence χ and χ−1 would be beta-conjugates of β. Since
Ω∩ (1,+∞) = ∅ and that Ω contains all beta-conjugates of all Parry numbers,
it would implies the existence of a beta-conjugate of β outside Ω, which is a
contradiction.
Proposition 3.21. Let β be a Parry number. Then∣∣∣∣ rp(n∗β)dP
∣∣∣∣
2
≤ 2π
k
· dis(n∗β). (3.36)
Proof. Let us consider the angular sector 0 ≤ α ≤ 2π − α ≤ 2π with α > 0
small enough so that its complementary sector only contains β and the real
positive conjugates of β. From (3.14), with α → 0+, we deduce the lower
bound (3.36) of Mignotte’s discrepancy function.
There are two natural questions:
(i) given n ≥ 1 an integer what is the average value of rp(n∗β) over all Parry
polynomials n∗β of degree dP = n? Denote by EP (n) this average value;
(ii) how behaves EP (n)/n when n tends to infinity?
The general context of such questions is Kac’s formula [K] and its recent
improvements [EK]. Let us recall it first. The expected number of real zeros
E(n) of a random polynomial of degree n with real coefficients is given by
E(n) =
2
π
log(n) + 0.6257358072 . . .+
2
nπ
+O(1/n2) for n→∞, (3.37)
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assuming coefficients are following independent standard normal laws. The
2
π logn term was obtained by Kac in 1943 and the other terms require integral
formulas and their asymptotic series from curves drawn on spheres [EK]. For
each n ≥ 1 these averaging techniques could be adapted to the smaller set of
Parry polynomials of degree n, instead of the whole set of polynomials of R[X ]
of degree n, and to real positive roots only, to compute EP (n), but the set PP
is badly described and is not suitable for this type of computation. At least,
since limn→∞ E(n)/n = 0 by (3.37) we could expect
lim
n→∞EP (n)/n = 0. (3.38)
It seems that we cannot prove (3.38) yet. However, the remarkable Theorem
4.1 of Borwein, Erde´lyi and Ko´s [B-K] readily implies, for a large class of Parry
numbers β ∈ (1, 2) which are algebraic units,
Theorem 3.22. There is an absolute constant C3 > 0 such that, for all Parry
numbers β such that
H(n∗β) = 1 and |N(β)| = 1,
the inequality
rp(n∗β)
dP
≤ C3 1√
dP
(3.39)
holds.
When the Parry polynomial is irreducible, the remarkable Theorem in
Mignotte [Mt1] p. 83 leads to a result of the same type: it readily implies
Theorem 3.23. For every Parry number β such that the Parry polynomial
n∗β(X) is irreducible, then the inequality
rp(n∗β)
dP
≤
√
2π
k
√
3 Log(2dP ) + 4LogM(Pβ)
1√
dP
(3.40)
holds.
Let us now show that Mignotte’s Theorem 3.4 gives in a simple way an
upper bound to the multiplicity of a beta-conjugate of a Parry number, valid
for any beta-conjugate, complementing then Theorem 3.7, Corollary 3.8 and
Theorem 3.14.
Let β be a Parry number with Parry polynomial n∗β(X) of degree dP . Then
the multiplicity q of a beta-conjugate of β satisfies:
q ≤
√
2π
k
√
dis(n∗β) dP , (3.41)
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where k is Catalan’s constant.
This inequality (3.41) is obtained as follows: let q be the multiplicity of
a beta-conjugate χ ∈ Ω of β in the Parry polynomial n∗β(X). Let us write
χ = reiφ with r > 0. Let us take η = φ + ǫ/2, α = φ − ǫ/2, for ǫ > 0 small
enough so that (i) the angular sector
Sφ,ǫ := {z | arg(z) ∈ [α, η]}
contains χ, with eventually other beta-conjugates or Galois-conjugates having
the same argument φ, but does not contain other roots of n∗β(X) having an
argument 6= φ, (ii) the angular sector S0,ǫ only contains the real positive
conjugates of β, including β. By rotating S0,ǫ of an angle φ and allowing ǫ to
tend to 0+, we obtain from Mignotte’s Theorem 3.4∣∣∣∣ qdP
∣∣∣∣2 ≤ 2πk dis(n∗β),
from which (3.41) is deduced. This proof uses the relation eiφS0,ǫ = Sφ,ǫ with ǫ
very small, and the counting processes of the roots of the Parry polynomial at
0 and at φ. They are correlated: a large number of real positive conjugates of
β leads to large Mignotte’s discrepancies as the inequality (3.36) shows it, and
this means that the common upper bound (3.41) of the multiplicities of the
beta-conjugates is probably not very good in this case. This is likely to occur
when the number of non-reciprocal irreducible factors in the factorization of
the Parry polynomial of β is large, from Proposition 3.20 (ii). However, this
type of upper bound is not good from a numerical viewpoint as shown in
Section 4, what suggests that Mignotte’s approach could be improved.
3.6 An equidistribution limit theorem
Theorem 3.2, Theorem 3.4 and Conditions (3.12) express the “speed of con-
vergence” and the “angular equidistributed character” of the conjugates of a
Parry number, towards the unit circle, or of the collection of Galois conjugates
and beta-conjugates of a sequence of Parry numbers. So far, the limit of this
equidistribution phenomenon is not yet formulated. In which terms should it
be done? What is the natural framework for considering at the same time
all the conjugates of a Parry number and what is the topology which can be
invoked?
In this respect we will follow Bilu’s equidistibution limit theorem in Bilu
[Bi] [Gr], though the conditions of convergence of Parry numbers are here much
more general than those considered by Bilu.
Let β be a Parry number for which all beta-conjugates are simple roots of
the Parry polynomial n∗β(X). Let K be the algebraic number field generated
by β, its Galois conjugates and its beta-conjugates over Q. We have the
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following field extension: K ⊃ Q(β) and K/Q is Galois. We denote by Kv the
completion of K for the Archimedean or non-Archimedean place v of K. The
absolute logarithmic height of β is defined as:
h(β) :=
1
[K : Q]
∑
v
[Kv : Qv] max{0,Log|β|v}.
Let us now consider the whole set of Galois conjugates (β(i)) and beta-conjugates
(ξj) of β. Denote
∆β :=
1
[K : Q]
∑
σ:K→C
δ{σ(β)}
the weighted sum of the Dirac measures at all the conjugates σ(β) of β, where
σ runs over the dP Q-automorphisms of K
σ : β → β(i), or σ : β → ξj
which send β either to one of its Galois conjugates or to one of its beta-
conjugates.
Let us recall that a sequence (αk) of points in Q
∗
is strict if any proper
algebraic subgroup of Q
∗
contains αk for only finitely many values of k.
The topology which is used is the following: a sequence of probability
measures {µk} on a metric space S weakly converges to µ if for any bounded
continuous function f : S → R we have
(f, µk)→ (f, µ) as k → +∞.
The remarkable Theorem 1.1 in [Bi] readily implies
Theorem 3.24. Let (βi)i≥1 be a strict sequence of Parry numbers whose
Parry polynomials have all simple roots, and which satisfies
lim
i→∞
h(βi) = 0. (3.42)
Then
lim
i→∞
∆βi = ν{|z|=1} weakly (3.43)
where ν{|z|=1} is the Haar measure on the unit circle.
In the proof of his theorem Bilu uses the Erdo˝s-Tura´n theorem as basic
ingredient and the fact that the minimal polynomials of the βis’ have distinct
roots. Here working with non-irreducible Parry polynomials for which all the
roots are distinct and Mignotte’s theorem suffices to give the same conclusion.
Let us observe that the convergence condition (3.42) means in particular
that βi → 1+, i → ∞, while convergence conditions (3.12) cover many other
cases for general sequences of Parry numbers. In the convergence condition
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(3.42) is also included some conditions on the p-dic valuations of the beta-
conjugates of the βis’. These aspects will be reconsidered elsewhere by the
author.
4 Examples
Table 1 gives Mignotte’s discrepancy function 2πk
h˜(n∗β)
dP
(k is Catalan’s constant)
relative to the following four Pisot numbers:
• the confluent Parry number β = 9.999 . . . dominant root of X40 −
9
∑39
i=1X
i − 4 = Pβ(X) = n∗β(X). It is a Pisot number which has
no beta-conjugate [V2], for which dβ(1) = 0.k
d−1
1 k2, with k1 = 9, k2 = 4
and d = dP = 40. The height of the Parry polynomial of β is 9,
• Bassino’s cubic Pisot number β = 30.0356 . . . dominant root of X3−(k+
2)X2 + 2kX − k = Pβ(X), with k = 30, for which the complementary
factor is the product Φ2Φ3Φ5Φ6Φ10Φ15Φ30Φ31 of cyclotomic factors. The
height of the Parry polynomial of β is 30 and dP = 62,
• the smallest Pisot number β = 1.767... for which the complementary
factor is (NC) reciprocal and non-cyclotomic (Boyd [Bo2] p. 850): it is
the dominant root of Pβ(X) = X
12 −X10 − 2X9 − 2X8 − X7 − X6 −
X5 −X4 +X2 +X + 1 and has Φ4Φ6Φ12Φ30L(−X) as complementary
factor where L(X) = X10 +X9 −X7 −X6 −X5 −X4 −X3 +X + 1 is
Lehmer’s polynomial. The Re´nyi β-expansion of 1 has preperiod length
4 and period length 34. The Parry polynomial of β has degree dP equal
to 38 and height 1,
• the second-smallest Pisot number β = 1.764 . . . for which the comple-
mentary factor is (NR) non-reciprocal (Boyd [Bo2] p. 850). We have
Pβ(X) = X
11−2X9−2X8−X7+2X5+2X4+X3−X−1 and Φ6G(X)
as complementary factor, where G(X) = X22 +X15 + X8 −X7 − 1 is
non-reciprocal. The Re´nyi β-expansion of 1 has preperiod length 30,
period length 5, and H(n∗β) = 1.
On each line, in the column “Parry”, is reported Mignotte’s discrepancy func-
tion with the value (ET) of the discrepancy function 162× 1dP Log
(
‖n∗β‖1√|n∗
β
(0)|
)
of Erdo˝s-Tura´n for comparison.
In the column “Mini” is reported the value 2πk
h˜(Pβ)
dP
, resp. in the column
“cycl.” the value 2πk
h˜(
Qs
j=1 Φ
cj
nj
)
dP
, resp. in the column “rec. non-cycl.” the value
2π
k
h˜(
Qq
j=1 g
δj
j )
dP
, resp. in the column “non-rec.” the value 2πk
h˜(
Qu
j=1 κ
γj
j )
dP
, with
the notations of (3.2).
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Figure 2. Concentration and equi-distribution of the Galois conjugates (⋄) 6= β
and the beta-conjugates (•) of the smallest NC Pisot number β = 1.767 . . . near
the unit circle.
The sharpness of the splitting (3.17) is not too bad in these examples: the
ratio between the sum of Mignotte’s discrepancies of the irreducible factors of
the Parry polynomial and Mignotte’s discrepancy applied to the Parry poly-
nomial itself is always less than 4, and the sum of Mignotte’s discrepancies of
the factors is always much lower than the value ET.
β “Parry” “Mini.” “cycl.” “rec. “non-rec.”
non-cycl.”
Confluent 0.0695 . . . 0.0695 . . . / / /
k1 = 9, k2 = 4 (ET= 33.16 . . .)
Bassino 0.0631 . . . 0.106 . . . 0.0893 . . . / /
k = 30 (ET= 21.20 . . .)
1.767 . . . smallest 0.0979 . . . 0.0927 . . . 0.0946 . . . 0.100 . . .
NC Pisot (ET= 17.77 . . .)
1.764 . . . second-smallest 0.107 . . . 0.124 . . . 0.0761 . . . / 0.0840 . . .
NR Pisot (ET= 22.26 . . .)
Table 1.
Ganelius, Mignotte and Amoroso [A1] [A2] [G] [Mt2] have already men-
tioned the (numerically) bad discrepancy function given by Erdo˝s-Tura´n and
Table 1 shows it as well: there exists a factor greater than 180 between ET and
Mignotte’s discrepancy applied to the Parry polynomial, even much larger in
some other cases. The upper bound of the multiplicities of the beta-conjugates,
computed from Mignotte’s discrepancy function, according to (3.41), for the
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Figure 3. Concentration and equi-distribution of the Galois conjugates (⋄)
6= β and the beta-conjugates (•) of the second-smallest NR Pisot number
β = 1.764 . . . near the unit circle.
four cases of Table 1, is respectively: 27, 40, 31, 30. These values are much
higher than the true one: 1 in each case.
Figure 3 and Figure 6 in Verger-Gaugry [V2] show the equi-distribution of
the conjugates of the first two examples of Pisot numbers near the unit circle,
and are not reported here. The last two cases are illustrated in Figure 2 and
Figure 3.
5 Arithmetics of Perron numbers and non-Parry case
If β is a Perron number which is not a Parry number the analytical function
fβ(z) has the unit circle as natural boundary, by Szego˝’s Theorem 2.1. It is
such that fβ(1/β) = 0 and satisfies
fβ(D(0, 1)) = C
by Theorem 1 in Salem ([Sa] p. 161). Questions on the number and the type
of the other zeros of this analytical function in the open unit disk, in particular
beta-conjugates, can be found in [V2].
The set of Perron numbers P admits an arithmetic structure which does not
take into account whether a Perron number is a Parry number or not (Lind,
Section 5 in [Li]). First let us recall two theorems.
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Theorem 5.1. Every real algebraic number field K is generable by a Pisot
number. If d = [K : Q] denotes the degree of the field extension K/Q, the
number field K contains infinitely many Pisot numbers of degree d, some of
which being algebraic units.
Proof. It is a tradition to call Pisot numbers S-numbers ([B-S] p. 84). This is
Theorem 5.2.2 in [B-S].
Let S be the set of Pisot numbers and T the set of Salem numbers ([B-S]
p. 84). We have: S ⊂ PP [B] [St] and
T ∩ PP 6= ∅, T ∩ Pa 6= ∅.
This dichotomy of Salem numbers is still obscure.
Theorem 5.2. Let β ∈ T . The algebraic number field K = Q(β) is a real
quadratic extension of a totally real field. There exists τ0 ∈ K ∩ T such that
(i) K = Q(τ0),
(ii) K ∩ T = {τn0 | n = 1, 2, . . .}.
Every number in K ∩ T is quotient of two numbers in K ∩ S.
Proof. Theorem 5.2.3 in [B-S], or [Ld].
Lind has introduced the notion of irreducible Perron number in [Li] Section
5, based on the fact that P is closed under multiplication and addition ([Li]
Proposition 1) and on the following ([Li] Proposition 5)
Proposition 5.3. If λ = αβ with λ, α, β ∈ P then α, β ∈ Q(λ).
Let us observe that 1 ∈ P (by convention) and that 1 6∈ S, 1 6∈ T .
Definition 5.4. A Perron number λ ∈ P is said irreducible if λ > 1 and if it
cannot be written as αβ with α, β ∈ P and α, β > 1.
Theorem 5.5. Every Perron number β > 1 can be factored into a finite
number of irreducible Perron numbers λi :
β = λ1λ2 . . . λs.
There is only a finite number of such factorizations of β, and unique factor-
ization of β may occur (two factorizations of β are the same when they differ
only by the order of the terms).
Proof. Theorem 4 in [Li].
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In Theorem 5.5 the irreducible Perron numbers λi all belong to the number
field Q(β) ⊂ R by Proposition 5.3. The existence of non-unique factorizations
in a number field is implied by the following remarkable theorem of Lind ([Li]
Theorem 5).
Theorem 5.6. Let K be an algebraic number field. The following are equiva-
lent:
(i) K ∩ P contains elements which have non-unique factorizations,
(ii) K ∩ P contains non-rational Perron numbers,
(iii) K ∩ R 6= Q.
A basic question is about the nature and the dispatching of the irreducible
Perron numbers in the two classes PP and Pa. The characterization of the
family of irreducible Perron numbers in a given number field is obscure, in
particular when the number field is generated by a non-Parry Perron number.
By Theorem 5.1 non-unique factorizations occur in every real number field
K since such number fields are generated by Pisot numbers, but though Pisot
numbers are always Parry numbers, this does mean that the irreducible Perron
numbers in K are necessarily Parry numbers.
Corollary 5.7. For every Salem number β the number field Q(β) contains
elements which have non-unique factorizations into irreducible Perron numbers
of Q(β).
Proof. It is a consequence of Theorem 5.2 (ii) and of Theorem 5.6 (iii).
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